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short duration is such that a right switch following closely on
an initial left break by E ceases to be effective. The pursuer of
course initially runs directly toward the evader, and in this
case E breaks to one side or the other when the separation is
only slightly more than L. The subsequent composite motions
end with E at E2, where his heading makes only about 10 deg
with the sideline. E has gained about 10 yd compared with the
final position E}. The diagram here indicates that the players
are in contact at the tackle range over the majority of the time,
as shown by the curved dashed lines.

Conclusions
Football is a multiplayer game analogous to the continental

air defense problem. Real-space guidance constraints in such
high-order games can be accounted for if the dynamics are
simple, and differential-game mini-max optimization is feasi-
ble. Mathematical complexities occur if the evaders are faster
than the pursuers.

References
Isaacs, R., Differential Games—A Mathematical Theory of War-

fare and Pursuit, Control and Optimization, Wiley, New York, 1965,
pp. 145, 231.

2Breakwell, J. V., "Pursuit of a Faster Evader," Theory and Ap-
plication of Differential Games; Proceedings of NATO Advanced
Study Institute, edited by J. D. Grote, Riedel, Dordrecht, The Neth-
erlands, 1974, pp. 243-256.

Asymptotic Disturbance Rejection
for Momentum Bias Spacecraft

Christopher D. Rahn*
Space Systems/Loral, Palo Alto, California 94303

Introduction

D URING the normal operation of momentum bias space-
craft, a control system maintains the pitch axis perpen-

dicular to the orbit plane, the roll axis pointing along the
orbital velocity vector, and the yaw axis pointing at the
Earth's center. At least one momentum wheel spins to provide
an angular momentum bias along the pitch axis.1'3 This pitch
momentum is varied to control the pitch Euler angle of the
spacecraft. Varying the wheel momentum along the yaw axis
controls the roll and yaw Euler angles. An Earth sensor mea-
sures the roll and pitch angles. Yaw, though not directly
measured, is observable from roll.

The accuracy to which the spacecraft maintains its pre-
scribed attitude depends on the size and nature of the environ-
mental disturbance torques. A previous technique4 improved
pointing performance by estimating one component of these
disturbance torques. This Note introduces a method of achiev-
ing asymptotic disturbance rejection through disturbance
torque estimation and feedback. The method uses the Earth
sensor roll signal, a full-order observer, a disturbance torque
estimator, and magnetic torquers.

Roll/Yaw Dynamics
Dougherty et al.2 determined the linearized equations of

motion for a momentum bias spacecraft. They showed that
the pitch dynamics are decoupled from the roll/yaw dynamics.
Terasaki1 derived the equations of motion for a system with
yaw momentum storage. Lebsock4 assumed that the relatively
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high-frequency roll/yaw nutation dynamics are damped by
wheel control1'3'5 and neglected gravity gradient torques to
generate the simplified momentum dynamics:

with
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A =
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where Hx and Hz are the body axes roll and yaw angular
momentum components, respectively; o>0 >0 is the orbit rate;
and Mx and Mz are the body axes torques. The body axes
torques equal the environmental disturbance torques Tdx and
Tdz minus the magnetic control torques ux and uz,

= Tdx - ux, z = Tdz - uz (3)

The attitude errors, roll </> and yaw ^
angular momentum of the spacecraft by

are related to the

. x\L — — (4)

where hz is the yaw momentum stored in the wheels and Hn>0
is the momentum bias. Note that the yaw error is proportional
to the roll momentum and the roll error is proportional to the
net yaw momentum.

For geosynchronous spacecraft, solar torques are the domi-
nant environmental torques. The rotation of the spacecraft
bus with respect to the sun causes the solar torques to vary
with orbital position. The solar torques acting on a particular
spacecraft are estimated by numerical integration of solar
pressure over a surface model of the spacecraft at several
orbital positions. Then the coefficients of a truncated Fourier
series for the resultant roll and yaw torques are calculated,
giving

1 flmax

Tdx(t) = -Axo + £ [Axn cos (nu0t) + Bxn sin (nu0t)
2 n= 1

Tdz(t) = -Az0 + £ [Azn cos (nu0t) + Bzn sin (nu0t)] (5)
2 n= 1

Disturbance Dynamics Attitude Dynamics

Fig. 1 Control system block diagram.
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Fig. 2 Five day simulation: a) magnetic field; b) actual (solid) and estimated (dashed) roll disturbance target; c) actual (solid) and estimated
(dashed) yaw disturbance torque; d) yaw error with (solid) and without (dash-dotted) disturbance rejection; e) wheel yaw momentum; f) FFT of
the yaw response with (solid) and without (dash-dotted) disturbance rejection.

The magnitude ratio Rn and relative phase angle 6n between
the nth harmonic roll and yaw torque vectors are

B*

Bn = tan- Bxn

A (6)

Control System Design
The magnetic torquer control loop stabilizes the long-term

response of the orbit rate dynamics and removes the momen-
tum accumulation caused by the environmental disturbance
torques. The roll momentum, yaw momentum, and distur-
bance torques are estimated from the measured yaw momen-
tum and fed through feedback matrices to the roll and yaw
magnetic torquers.

Figure 1 shows the control loop block diagram. The space-
craft dynamics are driven by the disturbance torques, Td =
[Tdx, Tdz]f, minus the control torques, u ~ [ux, uz]'. The
measured output from the dynamics Hz is then fed to a full-or-
der state observer, which generates x. Then x is multiplied by
the feedback matrix K and sent to the roll and yaw magnetic
torquers. The error signal C(x - x) is fed to the disturbance
torque observer, which outputs Td. The torque estimates sum

with the state feedback and are sent to the magnetic torquers.
The augmented observer matrices are

Aa =
BCn

As^m
' -Ha~\L VL^mJ

(7)

with the augmented state vector, xa = [x, xm]'. Chen6 showed
that the state x, the estimation error x - x, and the distur-
bance estimation error xm - xm converge asymptotically to
zero if La and K place the poles of (Aa - LaC) and (A ~BK)
in the left half of the complex plane.

Observer Design
The first step in the observer design is to choose a distur-

bance torque model that, when augmented with the spacecraft
dynamics, forms an observable system. In Eqs. (5), the distur-
bance torques are represented as a truncated Fourier series. A
model that includes the highest amplitude harmonic of the
Fourier series will give the largest reduction in attitude error.
The dynamic model for an arbitrary n th harmonic torque has
four states: two states for the roll torque output and two for
yaw. Depending on the initial conditions, the model can gener-
ate any two independent sinusoids with arbitrary magnitude,
arbitrary phase, and nu0 frequency.

Unfortunately, forming Aa and Ca with a four-state model
makes the augmented system unobservable. Physically, cer-
tain roll/yaw torques disturb roll momentum but not yaw
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Table 1 Simulation parameters

Hn

o)0r
CO,,

Ri 0.8357
R2 0.7729

114.0, N-m-s
7.272 x 10-5, rad/s

0.7071
3.636 x 10~5, rad/s
01 -90.82, deg
02 -38.93, deg

momentum. Roll and yaw torques with Rn = n and 8n = 90
deg cause steady-state yaw errors with zero steady-state yaw
momentum. Since yaw errors are not sensed, the effects of
these torques on the spacecraft attitude are unobservable.

The unobservability of the four-state model requires that a
lower-order model be developed. For harmonic output, a two-
state model is the only alternative. Using the estimated solar
torque coefficients from Eqs. (5), the nth harmonic distur-
bance torque model is

Am(n)=
0 -

Cm(n)
\Axn Bxn]=\\_Azn Bzn\

(8)

The number of parameters in this model can be reduced by
introducing Rn and &„:

Am(n) = r o -/iwj
" [n<*o 0 J

, COS On

1

— Rn sin
0 (9)

The outputs generated by this model have fixed Rn and On. The
augmented system is observable as long as Rn ^n and On ^ 90
deg.

Depending on the size and geometry of a given spacecraft,
more than one harmonic may have to be estimated and re-
jected in order to meet the pointing requirements. The multi-
harmonic augmented state matrices are

Aa =

A BCm(zi) BCm (zr)
Am(Zi)

Am(Zr)

Ca = [ C 0 • • • 0 ]

(10)

where z\,. • -,zr are the r harmonics of the solar torque to be
estimated. The observer error dynamics can be stabilized using
either pole placement or linear quadratic (LQ) techniques to
move the eigenvalues of (Aa - LaCa) to the left half plane.

Controller Design
The stability of the spacecraft dynamics is determined by

the eigenvalues of (A - BK). The pair (A,B) is controllable
from either a roll or a yaw torque. Therefore, in placing the
poles of (A - BK), a constraint must be applied to the feed-
back gains to fix the torque in the roll/yaw plane. Defining

K- K> (11)

and constraining K\ = -K3 and K2 = -K4 results in the fol-
lowing gain equations:

K2 = ——(<£-

(12)

where f and un are the damping ratio and undamped natural
frequency of the poles, respectively. These gain equations hold
regardless of the number of estimated disturbance torque har-
monics. The total feedback signal to the magnetic torquers is
equal to the augmented state feedback matrix Ka multiplied by
the estimated augmented state vector xa , where

Ka = [K Cm(zi) ••• Cm(zr)] (13)

Simulation Results
The control system introduced in the previous sections is

now applied to a momentum bias spacecraft in geosynchro-
nous orbit. The simulation parameters are summarized in
Table 1. The control system rejects the first and second har-
monic disturbance torques. The augmented system is observ-
able because Rn * n and Bn * 90 deg for n = 1 and 2. The
simulated dynamics derive from Terasaki.1 The momentum
wheels, nutation dynamics, and nutation controller are in-
cluded.

Figures 2a-f show the simulated time response of the space-
craft over a period of five days. The magnetic field (Fig. 2a)
varies daily with an average value of 107 7. The actual and
estimated roll and yaw disturbance torques, including first
through fifth harmonic terms, are plotted in Figs. 2b and 2c.
The yaw error (Fig. 2d) is shown with and without disturbance
torque estimation. The steady-state yaw error reduces by more
than a factor of eight. The wheel yaw momentum (Fig. 2e) is
relatively quiet around a bias value of 0.1 N-m-s. Figure 2f
shows the frequency components of the yaw error response
with and without disturbance torque estimation. The large
first and second harmonic responses (dash-dotted line) have
been eliminated by the control system (solid line).

Conclusions
This Note has presented a method of designing disturbance

rejection control systems for momentum bias spacecraft. Yaw
error is not measured and, therefore, not all disturbance
torques can be rejected. If the disturbance torques do not have
Rn = n and On = 90 deg, then a full-order observer augmented
with two states per harmonic of the disturbance torque pro-
vides asymptotic disturbance rejection. The simulated re-
sponse of an example spacecraft demonstrates improved yaw
attitude performance by more than a factor of eight.
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